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Abstract

Although there ex, st plent ful theores of e prcal s # mn# zaton E-\M) for superv, sed | ear
nng current theoret cal understand ngs of Ee,M fora 1l%l ated probl e stochast ¢ convex opt#

Zat on_ COJ arel, w sted In th s wor® we strengthen the real# of BsM for 'co by explo t ng
& "ootBhess and strong convex, ty cong tons to @ prove the 1, SLz bounds Elpt we establ, sh an

O(d/nk- /F./n)
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where H = {h: X - R} sa hypothes, s d ass (x,y) X x R s an nstance Jabel par sa pled
froo a q str',bug,on D and (+,:) : RxR - ]R',s certanfoss In tl},s papei we# anly focus on
the convex vers,on of J nat dy stochast,c convex opt# zat,on COy where both the dop an W
and the expected func‘v, on F (+) are convex
wo dass,cal approaches for sol v, ng stochast,c opt#  zat,on e stochast,c approx;# aton_ A)
Kushner and \C o 7'. 7) and the sa# ple average approx;# aton AAJ thelatter of WI}, chv, sa [
te%‘ed toaser prca s 4 ma zaton E<M) n the# ach nel arn,ng cor# unty apn ' )
'fle both A and Ealk/{_ have been ex‘tens', vely stud, edv,n recgnt years Bart ett Ané Mel%del sort
?'.2, Bartfgtt et al” 2, ., Nep ,Tovs eta’ 2 .9, Moul',nes and BacH 2, s Hazan and Kal¢
y) =3 hin et al"_ ?. 72, Agarwal gt a’ 7' 3 Bach and Moul',nes’ 2 3 Zhang et a’ ?' 7”5b,
Mahda\c, l%t a’ 2 Cf# oost theoreg, cal guarantees of BgM are restr, cte(? to superv, sed | earn,ng .n
2) As po, nted out naset nal wor, of halev. hwartzeta 2 _9) the success of BgM for su
ber\; sedJearn,ng cannot be d,rectly g{t ded t tochasg,c opﬂ ,Zat.on Actually  halev. hwartz
eta 2. 9) have constructed an nstanc of C thatv,s learnable by A but camfjot be s¢f ved by
EﬂM‘ L' teratures about BM for stochasg,c t# zaton nd ud',n O) are quteg# te and we
stl lac, a full understanq, ng of the theory ( ’
In B{M we are g ven n funcg,ons fi,...,F, s pled', ndependently fro# P and ap tor n
# zeane prcad ob ect,ve funcg, on’

min F(w) = ! Zfi(w). 3)

wew n “

Letw argmingc)y, F (W) be an e prca# n# zer 4 he perfor ance of BQM s# easured ,n
te s of the excess I SL? dey ned as

F(w) _vE%i]l/lV F(w).

tate of the art r.s bounds of B{M ndude- an O(+/d/n) bound when the randos functon f(:)
s L psch,tz cont, nlﬁous - where d s the d# ens ond ty of w, an O(1/An) bound when f(:) s A
trongy convex _ halev_ hwartz et al’ ?“ 9). and an O(d/nn) bound when f(-) ;s n exponent dly
concave I expgoncave) Mehtd 2. o) Frop ex stng studes of EM for superv,sed learn,ng
rebro dt a’ 2 J w Uhow that st oothness ca'n i)e u'g,lv, z'ed to boost the rs bo{lnd hué ot
/p natural to as whether l§a oothness can also be expl 0 ted to# prove the per%%m ance of EM
r CO k},s aper prov, des an afy at,ve answer to tt},s quest,on Indeed we propose a general
ap oach'f’or anal yz,ng the excess r SLz of BgM Wh', ch b1;, ngs severd proved L SL‘g bounds and new
rs bounds as well
,.LO state our resul ts weq rst, ntroduce sor e notat,ons Let F. = minyeyy F (W) be thes Jp
rs " A be the# odulus of strong convex,ty of F(:) and L be the# odulus of s oothness of f(:)
Dekr'lote by K = L/A the conq, t.on nug ber of the probleg  Our and prev,ous resul ts of BgM for
CO are sw 7 ar, Zedv,n _Labl e ' where we# a e expl, ct the assup pt.ons on the randos funcg, on
(-J the e prcal funcfon F(w) and the exgec‘[ed functon F(-) For our resulfs of BqM for
CO we assup e the dop an s bounded and the randos funcg, on s nonnegat,ve e‘t}, ghl', ght the
s, gy cance of th',s worb as follows

l ) ‘%‘use the O and Q) notat, ons to l} de constant factors as well as pol yl ogar, the ¢ factors .n d and n
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able - up# ary of Excess=y s Bounds of BgM for CO All bounds hod w, th h, gh probab)| ty
xcept the one# ar ed ‘!Sy » wh',ch holds o’ Xpectat, on Abbre\; at ons’ bounded - b
onvex — ¢ gener‘gl',zed | near — of L;,psc /{z cont,nuous — Lp nonnegat,ve — nit
strongy convex — s¢ s# ooth — s#’ | exponent aly concave — N exp

-

() ﬁ() F() =8, Bounds
4
d
halev. hwartz et ?.. 9 Lp O(y/7)
( 1 \%
Lp&sc O(x,)
A l\lehta‘?. ) nexp&Lp&b 6(%)
‘ : ~(d F,
Jﬂheorew ) nmé&c&s Lp O(L + /L)
(4 4 P
_Lheorew 3 meé&c&ws ]_;,p&sc 1 OF(n+ ) N
hs wor, O(xz + %577) when n = Q(kd)

c 5(rd 4 £Fey _ O d
heorea ~ nn & ¢ c sc O +5) O(")
-+ O(5ks + “=) when n = Q(k2d)

n

&4 kEY Ok
J‘heorew m&s &g C sC O(n+ n) O(n)

O(5z + “£=) when n = Q(K?)

. :‘htn f(-) ;s both convex and s ooth and F(:) s L psch,tz contnuous we establ,sh an

O(d/n + /F./n) rs bound cf heoret ) In the opt# stc case that F, s s af
,e Fo= O(d%/ny we obta},n‘an O(d/n) s bound wh,ch s anaogous to the O(1/n)
opt# st c rate of BM for supery, sed| earn,ng rebroetd’ 20 o)

e IfF (-)v,s adso A strongly convex we prove afjO (d/n + KF./n) rs bound and @ prove
Stto O(1/[An?] + KF./n) when n = Q(kd) heore# 3) hus ‘fn slargeand F, s
s dr e’ F. =0(1/n) we getan O(k/n?) It,S Bound wh, chTo the best of our L!nowl edge
/S.theq rst O(1/n?) type of rs bound of BqM R

. ‘{ﬁén convex, ty s not present ,n (-} aslongas f(:) s oothh F(-) s convex and F(:) s
strongy convex we stll obta,n an'# proved s, bound of O(1/[An?] + KF,/n) when n=
Q(k*d) wh.ch whl further;# ply an O(k/n*) r.§ bound fF, = O(1/n) cf  heorer )

* Enaly we extend the O(1/[An?] + KF./n) rs gound to superv, sed | earnyng W, th a genera

|,zed ), near forr Our ana ys,s shows thatv,n tl},s cas€ thelower bound of n can be replaced

w, th Q(K2) whch s d# ensond ty ndependent cf heorer )  hus thsresult can be

appl, ed to m nte q';i! ens,onal cases e g’ learn, ng‘vg, th l’ernd S

2. Related Work

Inth s sect.onl we g ve a br', ef ntroduct,on to prev,ous worlq on B M
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2.1. ERM for Stochastic Optimization

As we# entoned ead ef there are few wor s devoted to BM for stochast ¢ opt#  zat on ﬁen
W Rd .S bounded and f() /s Lpsch tz l%ont nuous _ halev_ hwartz et al ? 9b dew onstrate
that F( ) converges to F (w ) un, form Iy over W w, th'pn O(Yd/n) error bohnd that hods w, th
h gh probabl ty -# ply,ng an O(\/d/ ) s bound of fM fhey further establ, sh an O(1/An)
r s bound of Ea;M that hol ds n expectat, olh when f() ;s A'Strongy convex and L psch tz con
t nuous tochast ¢ opt#  zat, on w, th exp concave funct ons S stud ed recently Koren and Levy

“§”Fnd Mehta ?' .D proves an O(d/ nn) bound of E-\M that ho ds w,thh grf probab | ty when
f'( ) s Niexp concdve L, psch,tz cont nuous and bounded Lower bounds of EM for stochast c
optw ,zaton s nvest, gated by Feld# an ?. of whoexhb ts )alower bound of €2(d/ 2) s ple
CO‘pI pl ex, ty for un, fom convergence thal near y# atches the dpper bound of halev  hwartz et a
4’ 9. "and ) alower bound of Q(d/ ) sa ple cor plex,ty of B{M wihrkh s piched by our
b(d/n + \/E*/n) bound when F*',S'Sﬂ al

2.2. ERM for Supervised Learning

e*note that there are extens,ve stud es on BgM for superv, sed Iearn ng and hence the rev, ew
here $ non exhaust ve In the context of superv, sed | earn, ng’ the perfom ance of E<M s cl osdy
related to the un, form convergence of F (-) to F (+) over the hypothes,s dass H Kol tch,ns )
In fact un, forp! convergence s a sufy ¢ ent cond ton for learnabl ty hal dv hwartz and Ben
Dav.d 2§ andv nsor e spec d cases such as b nary dassy cat, orf /t S|l so a flecessary cond ton
apn, ’ 99 ) | he accuracy of un, for convergence as Wdl as th qual ty of the e pr.cad
ULy Yef can bé upper bounded',n terr s of the con pl exty of the hypothes,s dass H ,nd ud,ng
data',ndependent'w easures such as the \:C d# ens,on and data dependent# easures such as the
<ader acher cop plex.ty
Generaly spea ,ng when H has4 n,te C dﬂ ens ol the excess r.s can be upper bounded
by O(y/VC(H )/nf where VC(H) s the dil ens, onof H If thelosg\} ),s L psch tz con
tnuous w,th respect to ts4 rst arguﬂ ent We have a 1,s bound of O(1/ n+ R,(H)) where
Rn(H) § the-\a\(}ew acher con pexty of H he-\ad%w acher cor plex ty typ caly scales as
Rn(H) O(1/ nJ eg’ H contans | near ﬁLJnct ons w,th low nom * “# plyng an O(1/ "n)
bound_ Bartlett and Mende sont ? 7b here have been ntens, ve efforts to der ve rates faster
thefh O(1/ " n) under var ous cond,t,ons Leceta’ 99, Panchen 6 2 2. Bart ctteta’ 2
4 vy ..
Gonen and haev. hwartZ 2. ) such ds1ow no, se syba ov ?.. § s oothness rebro etal’
J stropg convex,ty rdharan eta’ 7” oy to nareafewaﬂ ongst# any  pecy caly when
the randow funct, f( s noppegat,ve and s oothi  rebro et a ? ) ha estal ,shed ar,s
bound of O(R2%(H) + n(H) F.J reduc ng to an’ D(1/n) bounh f’? = O(1/ n) anld
F. =0(1/n) A general zed | near for of ?) s sthded by T, dharan et al ?“ 97 and ar, Slg
bound of O(1/An) s proved f the expected fuhct on ( ), sA trongl y convex !

3. Faster Rates of ERM

€4 st ntroduce all the assu ptons used',n our analys,s then present theoret,cal resul ts under
d, fferent cor b,nat, ons of ther * and4 naly d scuss a spec,al case of supery, sed| earn, ng

2 n he,r excess 1,s bound,s for aregular,zed e# pr.ca 1,5 ? LR zer

v[\! 4 Y 4 v[‘!



O(1/n) AND O(1/n?) _YPE OF—‘ﬁ K Bo &% OF B M

3.1. Assumptions

In the folow,ng weuse - todenote the » nom of vectors

Assumption 1 The domain W is a convex subset of R and is bounded by R, that is,
w <R, w W. )

Assumption 2 The random function T (-) is nonnegative, and L-smooth over W, that is,

R

H f(w)— f(w')H <sLw-w, ww W, f P
Assumption 3 The expected function F (+) is G-Lipschitz continuous over W, that is,
IF(w)—F(w)|=sGw—-w, w,w W. )

Assumption 4 We use different combinations of the following assumptions on convexity.
(a) The expected function F (-) is convex over W.
(b) The expected function F (-) is A-strongly convex over W, that is,

A
Fiw)+ F(w),w —w —1—5 w—w?2<F(Ww), w,w W. )
(
(¢) The empirical function If() is convex.
(d) The random function T () is convex.

Assumption 5 Letw, argmingcyy F (W) be an optimal solution to (1). We assume the gradient
of the random function at w is upper bounded by M, that is,

flw,) <M, f P )

(
Remark 1 E rst note that Assumption 4(a) S8R plv, ed by e ther Assumption 4(b) or Assump-
tion 4(dy and Assumption 4(c)',s;;ﬂ pl', ed by Assumption 4(d) econd the s oothness assup p

t.on of f(-)"';ﬂ pes the expected func;,on F (-)',s L s ooth By nsen-s nequal ty we have
H F(w)— F(w’)H <Efp| f(w)-— f(w’)H sLlw—-w, w,w W.

8 Jady theer prcal functon I/:\(-)',s dsoL s ooth | he condition number K of F(-) s dey ned
s therat o between L and X e’ K = L/A=1

3.2. Risk Bounds for SCO

€4 st present an excess Ls bound under the s# oothness conc}, t.on

le
Theorem 1 Forany 0 <9 < 1/2, € > 0, define

C(€,5)—2<log§+dlog6f>. 9)
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Under Assumptions 1, 2, 3, 4(d), and 5, with probability at least 1 — 20, we have
F(w) —F(w.)

2
SlGR LnC(8,5) n 8RM lgg(2/6) L8R 2LF, lﬁg(2/5)

+ <8RL +G+ LL(;(E' 6)>

o
where F,, = F (w,.) is the minimal risk.

By choos', ng €s al enough thelast terw /0 .b that conta,ns € becor es non dor ,hat ng 40 be
speca ¢ we have the foll ow, ng coroll ary

Corollary 2 By setting € = 1/n in Theorem 1, we have C(1/n,d) = 2 (log(2/8) + dlog(6nR)),
and with high probability

F (W)= F(w.) = O (dlog” v F*) -0 <d+ F*) .

n n

Remark 2 he above > cordllary # pl es that under the s# oothpess and other cor# on assug pt
ons EqM acﬁ eves an O(d/n + \/F /n) r,s bound for CO Jlh‘én the# n# drs sstdl e
F. = O(d*/ n) the rate s-# proved to o) d}’ n) Note that even under the Sit oothness assup pt orl
thel near dependence on d s unavo,dable Fdl d’!? an 7. * heorer 3 )

'-Lhext present excess r SL’! bounds undler both the st o5thness and strong convex, ty cond t.ons

Theorem 3 Under Assumptions 1, 2, 3, 4(b), 4(d), and 5, with probability at least 1 — 20, we
have

F (W) —F(w.)

1 2 * ] PP
< 6R*LC(¢,9) n 8RM log(2/9) n 8LF. log(2/9) 4 <8RL LG4 4RLC (e 6)) e )
n n An n
Furthermore, if
24I'C)\(8’6):4KC(8,5), ‘72)

we also have

F(w)—F(w,) < 2 N X

4 he above theorep can be s# pla ed by ch00§, ng d, fferent val ues of €

2M210g?(2/8)  128LF, log(2/8 128 2¢2
32M7log"(2/8) | 128LF. log( )+( 8 8—1—1668—1—4)\82).‘;3)

Corollary 4 By setting € = 1/n in Theorem 3, we have C(1/n,8) = 2 (log(2/8) + dlog(6nR)),
and with high probability

F(#)—F(w.) =0 (dlogn N KF*) _3 <d+ KF*>.

n n n n

By setting € = 1/n?, we have C(1/n?,8) = 2 (log(2/8) + dlog(6n?R)) and when n = Q(kdlog n) =
Q(Kd), with high probability

F (%) —F(w,) =0 <A1n2+ KF*>_

n
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Remark 3 hes rst part of Cordllary  shows that BqM en oys an O (d/n + kF./n) rs_bound
for stochast copt#  zaton of strongy convex and's# ooth funct ons In thel terature the i! Ost cop
parable result s ‘the O( 1/An) 1s, bound proved by halev hwartz et al 2 9D but w, th str, /ng
d fferences h, ghl' ghted .n  abl ¢ g yNcether, Slg bodnd of %hatev  hwartzeta “ 9D S ndegen
dent of the d# ens,ona ty (
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Remark 6 Cor parng the second part of Cordlares s+ and ’ we can see that the Ls bound
/s on the sa e order but the lower bound of n s ncreased by a factor of K It s nteréstng to
“# enton that a s# lar phenor enon al so happens n stochasg c approx;# at.on -ecently a var,ance
reduct on techn que nap ed \-\G Johnson and Zhang ?. ) or EMGD Zhang etal’ ?. 73ab was
proposed for stochasg copt}  zat oh when both full grad ents and stochast‘ c grad ents are avalable

In the anal ¥ S =G ass es the stochast, ¢ funcg on s convex whle EMGD does not Frow the r

theore'r,cal rest]ts we observe that the', nd, v, dual convex, ty | eads to a d fference of K factor',n the

sap ple cor plef ty of stochas'g,c grad, ents

3.3. Risk Bounds for Supervised Learning

If the cond,t ons of heores 3 or , heoren S are sat, s ed we can d recty use ther to establ sh

an O(1/ [)\nﬁ] + KF'L/ n) rs bound for supery, sed | earn ng Howevei a# aork# taton of these

theore# s s that thelower bL’und of n depends on the dw ens, onal ty d and thus cannot be appl, ed

to,m n, te di! ens,onal cases e g’ ernchd ethods chol opf and #dd 2.2) In th s sect ol we

expl 0 t the structure of superv, sed Pearn ng tor a ¢ the tll/feory d ens,ona ty ndependent
ﬁ‘foeus on the general, zed | near fom of su‘f) rv,sed| earg n

Iin F(w) = Eeyap [ (W, x,Y)]+r(w), o
where ( w,x ,y) s theloss of pred ct,ng w,x when the true target s Y and r(-) s aregular,

zer Gven N tra,n ng exat ples (X1,Y1), -« s (Xps yn)', ndependenty sa# pled froe IV thee pr.cal

ob ect,ve s
Y Y n

- 1
min F(w)—n; (w,x; ,Yi) +r(w).

‘%‘dq ne

n

1
H(w) = E(x,y)ND[ (w,x,Y)] andH ﬁz w,X; ,Yi)
=1

to capture the stochas'g,c cor ponent <«
Bes, des 4(b) and 4(c) We',ntroduce the follow', ng add, t onal assw pt,ons e*abuse the s@ e
notaton - to denote the nom v nduced by the', nner product of a H) bert space

Assumption 6 The domain W is a convex subset of a Hilbert space H, and is bounded by
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Assumption 10 Ler w,  argmingcyy F (W) be an optimal solution to (17). We assume the
gradient of the random function at W is upper bounded by M, that is,

(w,x,y) <=M, (x,y) D. ‘2?)

Remark 7  he above assup ptons alow us to? odel# any popul ar Josses 1m# aclr ne |earn, ng
such as reg ar, zed) square loss and regul ar, zed) log,st.closs Assumptlons 7 and 8 A py the
randog Tunct on (x y) sBD? = Looth overW 40 see t}r ¢ forany w,w' W we have

H (w,x,y)— (w,x,y) H:H W,x,y)x— ‘( W’,x,y)xH
9 2) 9
=D|'(w,x,y)— '(w,x ,y)|'£ BD| w,x — w,x |[\< BD? w—w’

By Jensers nequal ty H(: ) sasoBD? s ooth Not,ce LlEtthB D2 s the? odulus of s oothness of
H(-) and )\ S theﬂ odulus of strong convex, ty of F( ) ad, ght abuse of notat ol we dey ne
L = BD? and the cond,ton nw ber K as the rat,0 between L and )\ e’ K= L/ Enaly we
note ‘tait, the regul ar, zer r( ) could be non- _smooth
e’have the foll OW,Ng eXCess I, bound of BgM for supery, sedlearn,ng

le
Theorem 7 For any 0 < b < 1/2, define
C—4 ( \/21 2logy(N) + logs(2R) ) , )
0 (
H, =H(w,) =F(w,) —r(w,). 2)

(
Under Assumptions 4(b), 4(c), 6, 7, 8, 9, and 10 with probability at least 1 — 20, we have

R M +P L 4R?L2C? 4RMlog(2/3) = 8LH, log(2/3)
F —F(w,) = — -
(W) (w.) < max < nZ ' ond A n * An .
2°)
Furthermore, if (
16L2C? 99
with probability at least 1 — 20, we have
. M+P L 8MZ2log?(2/8) 16LH,log(2/3)
F(w) — F(w.) < max <n?+2n4’ nZ + N . ‘2 )

Remark 8  he4 rst part Of.L heorer  presents an O(k/n) s bound * s# Jlar to the O(1/An)
rs bound ol rdharaneta “209)  he second part s an O( 1}' An?] + KH /n) rs bound and
; n 1 s casé elower bound Jf ns QTLK2 Wh ch S di ens,onal ty ,ndependent hu heorer
can be appl e even when the QF ens,onal, ty' s, m n, te Generall y spea ,ng the regul ar, zer r(- )
nonnegat, ve and thus H.=<F. ¢ the second boundv s even better thzlgl those n heorew s2 and
- F naly we note that heorea”] should be treated as a counterpart of heorei! = for supervy, sed
learn ng because both of ther Ro not rely on the nd v, dual convexty e’ Assumption 4(d)
One # ay wonder whether , t s poss, ble to der ve a counterpart of heorer "y that' S Whethi{ t,s
poss, ble to ut) ze the' nq \; dual convex, ty to reduce the lower bound of n by a factor of K \N ]
,nvest, gate tl}, s quest,on as a future worl’

3 For brev,ty we treat C' as a constant becausev,t only has a double ogar, the /C dependence on n
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4. Analysis

¢*here present the ey, dea of our analys,s and the proof Of_L heoren 4 he on ; tted ones can be
found',n appenq, ces

4.1. The Key Idea

By the convex,ty of I§() and the opt# d,ty cond,ton of w

Boyd and andenberghe 2. J we
N ([}
have

(
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Lemma 1 Under Assumptions 2 and 4(d), with probability at least 1 — &
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where the | ast step s due to

~\ _ ~ 2 ~\
& —w. \/LC(£,6)(F(W) F(wy)) < LC(g,d) w—w, N F(w) F(W*), 15)
n 2n 2 (
~ 2
& —w. LC(&:,B)G&S LC(g,d) w—w. +E. 14
n 2n 2 (
Fron ‘7, F we get
1 .
5 (F(%) = F(w.))
A~ _ 2 A~ _
S2LC(8,5) W — W, +2M log(2/3) w —w, I 8LF. log(2/0)
n n n
L W — *
Lole W—w. +%+ C(£,5)8nw w
) 2
QSR Lg(s,é) L 4RM lgg(2/6) ©ary 2R lzg(2/6) . <4RL . % . 2RLCrZ](s,6)> .

wh.ch# pl es . )

5. Conclusions and Future Work

In th',s papet we study the excess LS of EM for. CO Our theoret, cal results show that t s
poss,ble to ach eve O(1/n) type of r'l’? bounds unddr ) the ¢ oothness and s al# m# a rs
conc}, tons e’ heores Jor ) the s#” oothness and| t*ong convex, ty conq,g, ons , e’ theq rst pa
of heoret's¥ ¥ and ) A? dre exc tngresult s that when n_ sJarge enough E%M has O(1/n?)
type of rs bounds under the s A_oothnesg strong convex, ty and's al# Jordr SL‘: conq, tons e’
the secon&’part of heores s¥ - and ) (
In the context of CO there re# a,n# any open proble? s about EqM
Our current rcpul ts are restr, cted to the H',I bert or Eud', dgg{l space because the s oothness
and strong co ex ty are dey ned',n terr sof the 9 nom ew,ll extend our anal yss to other
geor etres n the future
2 Asw ent, oned', n Remark 3 under the strong convex, ty conq, tor a QF! ens,onal ty , ndependent
rs bound eg’ O(k/n) or O(1/An) that hods w thh gh probabl ty s stIF# ssng
As (1 scussed ,n Remark 8 /L, s undear whether the convex, ty of the loss can be expl o) ted
to # prove the Jower bound of n n the second part of heorea Ideally we expect that
n = Q(K) s suf cent to dd, ver an O(1/[An?] + KH*/ﬁ‘) r,s bound

14
he O(1/n?) type of s bounds requ,re both the s oothnesl% and strong convex, ty conq, L

4
ons One# ay nvest, gate"’whether strong convex, ty can be rel axed to other Wealeer conq, t.ons

such as exponeng,al concay, ty Hazaneta’ 2. )
F naly as far as we now there are'no 0O(1/n?) type of rs

' A) ‘%*vg,ll try to establ sh such bounds for A

W)

bounds for stochas;,c approx;# at,on

le

cknowledgments

c
2

8
1
Jl}'i;%%flg was part dl y supported by the N FC “.% . § Jangsu F BK?. " y N F

11
e II :J 209~y and the Codlabo t ve fnn’ovag,)on Center Né)vel oftwareJ‘e nd y
and Industryl zat on of Nan ,ng fmvers,ty
YR 14 14 14 14



O(1/n) AND O(1/n?) _YPE OF—‘j K Bo &% OF B M

References

Ale h Agarwal’ Peter L Bartlett Pradeep-\av w af and Mart.n J *nwr ght  Infor aton
theoret ¢ lower bounds on the orag e con pl ex, %’y of stochast c convex optﬂ zat on [EEE Tran-
sactions on Information Theory * Syams 129 ?' 2

(

Franc s Bach and Er c Moul nes Non strongy convex s ooth stochast C approx;# at.on w, th con

Vgrgence rate O(l/ n) In Advances in Neural Information Processmg Systems 26 pages 3

’?"5

Peter L Bartlett and, hahar Mendel son -adep acher and gauss, an Cé)‘pl plextes 1 sLP bounds and

structural results “Yournal of Machine Learning Research 3 .'5 ?'. by

Peter L Bardett (] v, er Bousquet and hahar Mendelson Local rade# acher con plextes The

Annals ofStatistics o)y 9 “" 2. 3
7 T e

tephen Boyd and L even \andenberghe Convex Optimization Cap br',dge fmv,versv,ty Press ?”

,ul a Desal vd Mehryar Mohr! and " ar yed Learnng w, th deep cascades In Proceedings of

the 26th International Conference o Al?[rithmic Learning Theory pages 25 249 ?' 45

taly Felds an Generd, zat,on o§ e n Btochast,c convex opt#  zaton he q;i! ens,on str, l“!es

¥
bac Lr ArXiv e-prints arXV 2

o0 - 0°
Alon Gonen and ha, halev. hwartz Average stabl ty s nvar ant to data precond tonng -# pl,
cat,ons to expjconchve e pr.cd rs# np zat on Aerv e prmts’ arX Vieee: ?' K

"l
B ad Hazan and Patyeh Kale PBeyond the regret? ,I# zaton barr', er an opt# a agor, the for sto
chasg, ¢ strongy convex opt# zat on In Proceedings of the 24th Annual Conference on Learning

Theory page§ 2. £y ?' N

Bad Hazan As ot Agarwal and_ atyen Kadle Logar, the /¢ regret al gor',thﬂ s for onl ne convex

_ . . W
opt#  zaton Machine Learni 09‘2 ) 09 92 7..

e Johnson and ong Zhang Afcd erat ng stochast c graq ent descent us,ng pred,ct,v var, ance
c

e
Y
reduct on In fﬁdvances in Neural Informatlon Processmg Systems 26 pages EIRE VL ?. 3

ladﬂ' .1 Ko tch ns Oracle Inequalities in Empirical Risk Minimization and Sparse Recovery
Problems pr, nguef

o er Koreiand Ky r Levy Fast rates for exp concave e pr Lr A A zaton In Advances
in Neural miformation Processing Systems 28 pages 5 ?. >
Harold J Kushner and G George Y,n Stochastlc Appr(gamatlog and Recursive Algorzthms and
Applzcatzons pr nger seconKﬂ p~ 0 . 22 r). 29 N .' 2 X~ 1z I..



ZHANG YANG JIN

Mehrdad Mahdav’ L, un Zhang and-ong Jn  Lower and upper bounds on the general zat,on
of stochasg,c exponen‘g,ally concave opt# zaton In Proceedings of the 28th Conference on
Learning Theory ?' -

Colv,IgMg]é)', amg,d On the# ethod of bounded d fferences In Surveys in Combinatorics pages
799

N shant A Mehta Fast §§tes vg,th h' gh probab',l', ty - exp concave statst.cal Jearnng ArXiv e-
'y

prints arX',V'; %o 2 ?' 0

~<0n Mg,r and ong Zhang General%;a;,os? error bounds for bayeg, an#  xture al gor, the s Journal
OfMachineiearning Research =39 i.’ ?'."5

Er,c Moul nes and Franc s<, Bach Non asys ptot.c analys,s of stochasg,c approx;a at,on al go

rthe s fors ack}, nelearnng In Advances in Neural Information Processing Systems 24 pages

RN

A Ner rovs ' A Juq,ts y G Lar and A haE,ro =\obust stochast, ¢ approx;# at,on approach to

stochasg,c lgrograiri! /g SIAM Journal ’[ Optimization 9 ) S N 9 ?.. 9
S ;

o . 8 .
Yurv,', Nesterov Introductory lectures on conbex optimization: a basic coursé volup e  of Applied

optimization Kluwer Acader ¢ Publv, shers ?“

De try Panchen o = ot e extens,ons of an ,hequal ty of vapn, and chervonenw,s Electronic
c

Communicatio%si Probability SRR ?.'2 e

Glies P' s er The vatlume of convex bodies and Banach, space geometry Cap bg,dge_Lracts o
Mather atcs No 9 ) Can br',dge ‘n,vers',ty Press 99
( ;

Y

Yan,v Plan and=o? an ershynn One b t cor p]éessed sens, ng by near prograg # ng Communi-
) c

cations on Pure and Applied Mathematics -'o‘ 2 29° ?. 77,

Alexander=sa hl',rf Ohad_ h= By and Kartl;, r dharan Ma ,ng graq, ent descent opt# a for
strong y convex stochasfc opt# zaton In Pipceedings of the 29th International Conference on

Machine Learning pag 9 v ?. 2

Bernhard chd opf and Alexander J # oa Learning with kernels: support vector machines,
regulafjzation, optimization, and beypnd MI_L Press ?..2

ha, ha€v  hwartz and hg, Ben D ',d Understanding Machine Learning: From Theory to

Y
1 Alyorithmf Cap br',dg f},vers{ty Press ?' .

ha, Fhalev FhwartZ Ohall hap o Nathan rebrd and Karth', r dharan tochasg,c convex opt,
14?1%90111[1 Proceediniof the 22nd Avjbjtal Conference onjearm'ng ory 7.. 0

exander ap,r¢ Dar',n Dentcheva artd Andrze —uszczy Sl{ Lectifres on Stochastic Pro-

grammig: Modeling and Theory 1AM second eq, ton ?. 7

teve “# it and D,ng Xuan Zhou 1earr}, ng theory estd ates v.a ntegral operators and the;,r ap

. I
prog# atons Constructive ApproXimation 2« 2)- >3 2 ?'.



O(1/n) AND O(1/n?) _YPE OF—‘ﬁ K Bo &% OF B M

Nathan rebrd Karth, _ rdharari apd A# bu
S . 2%y
loss WrXiv e-prints 4rX.v :..9 3 04 7. °

Kartl}, L dharant he}, halev shwartZ and Nathan rebro Fast ratesrfor A_rf_:gul ar, zed ob ect,ves
InAjances in Neurd)l Information Processing Smis 21 pages 75 S 22 209

ewar, Opt# ,stc rates forlearn,ng w,th asp ooth
4 [4 vory Y 4

Alexandte B sybf ov Opg;w a aggregat,on of da s ers n stat,st.cal Jearn,ng The Annals of

.. < ,
Statistics 37 3> e 7.’

The Nature of Statistical Learning Theory pr,nget second eq, tor

Jade r apn, 00

8
\!aC};‘ﬂ /N \‘apr;,b Statistical Learning Theory ﬁﬁy Integsc encé 99

L, un Zhang Mehrdad Mahday and-ong Jn L near convergence w, th conq, t.on nue ber', nde
pgnde%tgaccess of full graq, ents In Advance in Neural Information Processing Systems 26 pages
)

) 7
9. 7.7,a

L, un Zhang ’ anbao Yang -ong J',rf and X' aofg, He O(logT) pro ect ons for stochast,c op
ta  zaton (')lf s ooth and strongy convex funcg, ons In Proceedings of the 30th International
Conference on Machine Learning ?' b

Appendix A. Proof of Lemma 1
‘%:ntroduce Lep# a2 of “# ae and Zhou 2,
(

_ T
Lemma3 Let H be a Plbert space and let & be a random variable with values in H. Assume
§ <M < oo almost sufely. Denote 6%(§) = E [ 13 2}. Let {&;}" | be m (M < oo0) independent
drawers of &. For any 0 < 8 < 1, with confidence 1 — 0,

. fj & — B[E]] ‘ < Mog2/0) V 202(F) log(2/0)

m m
- '
e4 rstcons,deraq xedw N (W,€)  nce f;(-) sL s ooth we have

%)
filw)— Fi(w.,) €L w-—w, . 7))

Because fi(-)',s both convex and L s# ootk by 2 ) of Nesterov 0 J we have
G

(o
f;(w)— fi(w,) ><sL(fi(w)—Ffi(w,)— Fi(w.),w—w, ).

i au, ng expectat,on over both s des we have

E fi(w)— fi(w,) ?|<SL(F(w)—F(wy)— F(w,),w—w, )<L (F(w)—F(w,))

where the Jast nequal ty follows fror the opt# al ty cond tonof w/ e

F(we),w—w, =0, w W.
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Follow ng Lea# a¥ w,th probabl ty atleast 1 —& we have

~

| Fow)= Flw)—[ Fw)— Fw.)

n

F(w)— F(wy)—

[ fi(w) = fi(w*)]H

=1
2L w—w, log(2/8) \/2|_(F(w) — F(w,)) log(2/3)
n n

‘%‘obt:f,},n Let# a by ta ng the unon bound over al w N (W, g) G ths end we need an
upper bound of the cover, nlé nw ber [N (W, €)|

Let B be anun tball of d d# ens o and N (B, €) be tg€ net w,th# n# d cardnd, ty Accor
q, ng to a standard vl mw e cop par, son argu ent‘I:, ser 9 9) we have

log|N (B,¢)| = dlogz.

Let B(R) be a ball centered at or,gn w thradus R_ nce weassw e W  B(R} tfolows that

€ 6R
log [N (W, )] Slog‘N ( (R),§>‘ <dlog—
where theq rst, nequal ty s because the cover,ng nug bers are ah ost) ncreas, ng by', ndus,on Plan
and ershynn 20 % 3 2)) ( (
\{ 4 ' 7 ‘

Appendix B. Proof of Lemma 2

oapply Le## a® we need an upper bound of E[  f;(w,) ?] nce f;(-) s L s ooth and

nonnegat,vé frow Lea# a  of rebroetal ?' ‘.F we have
; E

and thus

E[ fi(w.) ?] S4LE[f;(w.)] = 4LF,.
Fro# Assumption 3 we have fj(w,) =M _Lherf accord,ng to Let# a ¥ w, th probab)| ty at
least 1 — & we have

~

H F(w,) — E(w.) _ 2Mlog(2/8) | [SLF.log(2/5)

fi(w.) n n

e

Appendix C. Proof of Theorem 3
i he proof foll ows the s@ el og.c as that Of_L heorenr ; inder Assumption 4(b} ‘"5. ) becor es

F(w)—F(w*)—i—% W —w, 2
< H F(W)— F(w.)—| F(®)— FA(W*””*H Fiw)— Fwo|| w=w.
:\;h =Az 8
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8
ubst, tut,ng 12) and 33 ), nto‘"é § w th probab ty atleast 1 — 28 we have
( (

2

N | >

W — W,

F(w)—F(w.)+

A~ _ 2 A~ _
_ LC(ed) w—w. ? P \/LC(s,a)(F(w) F(w.))
n n 10)
+2|\/I log(2/8) w — w, R 8LF.log(2/0) (
n n
Lol W—w. + W—w. LC(g,9)Ge N LC(g,d)e w— w,
n n
oprove J we subsg,tute‘?gl 24f and
P 8LF. log(2/9) - 4LF, log(2/6) n A w2
n AN 2
',nto‘39l and then obta},n
1 ~
S (F(%) = F(w.)
- 2LC(g,8) w—w, 2 N 2M log(2/0) w — w, N 4LF, log(2/3)
a n n An
L W — *
Lole W—w. +%+ C(8,5)8nw w
) 2
- 8R*LC(¢,9) n 4RM log(2/0) n 4LF, log(2/6) n <4RL N G n 2RLC(8,6)> c
n n An 2 n
Wh ch A ples )
oprove h' we subst, tute
- «
& —w. \/LC(s,a)(F(w) —F(w,)) _2LCEB(F W) =F(w.)) A o o
n An 8
2M log(2/6) W — W, 16M2log2(2/6) A 5
+ A W_W* ]
An? 16
/8LF log (2/6) 64LF log (278) AN 9
5 W T Wy 1
32
N 64L2£2 A 9
2Le w —w, X 61 wW—w, °,
/L s 32LC (€,6)G A 9
+ o W T Wy 1
128
£6£w W 32L2C()2 A w2

n An2 + 128 w
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/nto 29F and then obta',n

F(vAv)—F(w*)+% w—w, ?

LC(g,8) W—w, 2 2LC(g,8)(F(W) — F(wy)) = 16M?21og?(2/8) = 64LF,log(2/8)
= + + +

n An AnZ2 AN
64L%e?  32LC(g,8)Ge N 32L2C2(g)e?
A An AnZ2

N 9 1. 16M?21log?(2/3) =~ 64LF, log(2/3)
(< — — - —

1 VoW Tt (F(W) —F(wy)) + A2 + N

4L2 2
+ 0 }\8 + 8Ge + 2A¢e?

7
wh',ch',i! plv,es‘ )

Appendix D. Proof of Theorem 5

*thout Assumption 4(d} Lep# a wh ch sused n the proofs of heore# s and? % does not hod
anyﬂ ore Instead we w Il use the foll OW ng Vers, on that onl'y rel es on the s oothness cond, ton

Lemma 4 Under Assumption 2, with probability at least 1 — 9, for anyw N (W, €), we have

H Fiw)— F(w.) —| If(w)— ]HSLC(S’B)nW_W* +L w—w, C(i’&

where C (g, 8) is define in (9).

he abovele## a s a d rect consequence of 3 § Ler# a? and the yn,on bound
he rest of the proof ss# larto those Sf heorer s and 3 T edrst der ve a counterpart of
q?#under Lep# a Coﬂ b n, ng 3 dwthLleas a’ w th probaby| ty atleast 1—& we have
(

| Fe) = Fw)—[ F@)— F(w.)

< +L w—w, \/C( 6>+2Le )
n ‘.

SLC(S’a) V=W L %—ws \/C( L) + LC(s,6)5+L€ C(:—:{é) + 2Le.

n

-
@]
-
Nos
s
|
g
‘™

M| >

>
)

ubsg,tug,ng‘ . ) and‘ﬂ ), nto‘"égl w, th probab/ ty atleast 1 — 2§ we have

F(W) = Flw.) + 5 W—w, ?
- 2
SLC(E’a) W W +Lw—w, 2 C(s,0)
n n .
y MIg) Fow g[S 1og2AY) (-
n n
+92le W—w, +Le W—w, C(E,6)+LC(5,5)enw—w* |
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oget ) we subst tute
=h (’

= 2
W — Wy ’

~| >

\/ﬁ L2C (g, 6 W — W, 2
_|_
/8LF., log (2/%) 8LF log (278) AN 9
+ - w—w,
4
',nto‘ b and then obta},n
F(w) —F(w.)

_LC(ed) w—w, 2 N L2C(s, 5) vAv—W* 2 2™ log(2/3) W — w, . 8LF. log(2/9)
n n AN

+2Lle w—w, +L& w—w, W = W,

‘<D4R2LC(€,6) N 4R%L2C (g, ) 4RM log(2/6 8LF 1og(2/6)
- n An An
C(s,é) 2RLC(g,9) )

n

+ <4RL +2RL

wh ch proves )
40 get‘ ? we subst tute

2M log(2/8) w —w, 8M?21og?(2/8) A
< > 4=

n AN 8
8LF,log(2/8) _ 32LF.log(2/8) A
< +

n An 16

2]

_W* ]

=N

W — W, Wk o,

b2

2le w—w, <

_W* 1

A
A 3
2 2
Le & —w. C(g,9) - 16L°C(g,0)e® A
n An 64

LC(e.d)e W —w. _ 16L2C2(g)e? +A w2
n - An2 64 *

V/‘\/_W* 1

,nto J and then obtg,n
‘ J

F(w) = F(w.) + ?

W — W,

o B>

LC(g,0) w—w,

< - +L w—w,

C(e,0)  8M?log?(2/3)  32LF,log(2/3)
+ +

n AnZ An

(32|_2 16L2C (g, 8) 16L202(s)> 9

+ + + 3

A An An2

IN wW—w, 2N 8MZ2log?(2/8)  32LF,log(2/8)
= 25L Ty W o An2 + An
N (32L2 N 16A N 16A° >32
A 25 ' 625L2
MLS16N PO 8M2log?(2/3) N 32LF, log(2/3) N <32|_2 N 4167\> 5
- 25 * An2 AN A 625
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By subtract, ng A W —w, 2/4from both s,des we cor plete the proof of . )

Appendix E. Proof of Theorem 7

e‘con§, der two cases In theq rst caseé we assup e that
1

n

nce H(-) s L s oothand r(-) s P L psch,tz cont,nuous we have
4 Y 4 4 Y 4
F(w)—F(w.) =H(wW) +r(w) = H(w.) = r(w.)

sw-—w, H(w,) —1—5 wW—w, 2+P w—w, 2)

A~

= W—Ww, H(w,) +§ W—w, 2+P w—w, <

where the | ast step ut) zes Jensen-s nequal ty

27)
H(W*) = HE(x,y)ND[ ( Wi, X !y)]H = E(x,y)N]D)[ ( Wi, X !y) ]‘S M.

Next we study the case g

1 . )
=< W—w, (=< 2R.
n

From  29¥ we have
(

F(W)—F(W*)—l-ﬁ w—w, >

2
< FW)— Fwo)—[ FW)— FW),W—w, + F(wy)— F(w,),W—w,
= HW)— HWw,)—[ HW)— HWw.),Ww—w. + H(w,)— H(w,),w—w,
< sup < Hw)— H(w.)—] Hw)— Hw.),w w*>

wi| W w | < [—w |

3)
~a (
¢4 rst bound By o ut) ze the fact the randow varabe W —w, |es n the range (1/ n?, 2R}

we devel op the foll ow,ng l'ew a
Lemma 5 Under Assumptions 7 and 8, with probability at least 1 — 9, for all

1
) <y=2R
the following bound holds:

sip ( H(w) = H(w.)—[ A(w)- ﬁ(w*)],w—w*>s%¥<g+ 210g5>

Wi w—w. | < 0

where s = 2log,(Nn) + log,(2R) .
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Based on the aboveler# d we have w,th probab,l ty atleast 1 — &
L . s LC Wi~ w, 2
31<va_( mog): LV

%*
0 n ( )
wherg C sde ned n 23)

hen proceed td handle Bs Wh ch can be upper bounded nthe sa e wayasAy In part, cul ar
we have the follow ngler# a

Lemma 6 Under Assumptions 7, 8, and 10, with probability at least 1 — 8, we have
- 2M log(2/9) N

~ LH, log(2/8
| Hw - A< BLH. log(2/0)
n n (
ubsg,tu;,ng‘ Dand‘ Sbv,nto‘ bl w, th probab| ty atleast 1 — 28 we have
F(w*)—i—% w—w, 2
LC w 2

n

F(w)—

. )
n 2M log(Z/?]) wow. @ —w. 8LH*lr(:g(2/6).

n
‘%‘subsg, tute

LC W

n

— W, 2 L2c2 Lo 2
<

W — W,

A
An 4
@ —w. 8LH. 1;)g(2/6) - 8LH, log(2/9) N %

An
hto ‘ o) and then have

w—w, 2

W —w, 2

L2C2 w—w. 2  2Mlog(2/3) w —
+
AN n
ARLPC? 4RM log(2/3) N 8LH, log(2/8)
An '

n An
Con b' n,ng the above', nequal ty w, th 2 we obta,n 23 )

o prove 2 J we subst, tute
h ( '

IA

F(w)—F(w.)

Wi

8LH, log(2/9)
+
An

N _co

2M log(2/0) w — w,

8M2log?(2/8) A __ 9
< _ —
n - An2 VT
& —w. 8LH, log(2/9) - 16LH, log(2/5) n A P
n An 8
',nto‘ o) and then have

F(vAv)—F(w*)Jr)\ W

Z W — Wy 2
~ 2
SLC vgvliw*

N 8M2log?(2/3) N 16LH, log(2/8)
An? An
DN 8M?21og?(2/8)  16LH, log(2/8)
< &= 2 *
=7 w—w, “+ 2 + N .
Con b' n,ng the above', nequal ty w, th 2§ weobtan 2 )
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Appendix F. Proof of Lemma 5

Frst we part,ton the range (1/n%,2R] ,nto s = 2logy(n) + logy(2R)  consecut, ve segt ents
A1, Ag, ..., Ag such that

2k—1 2k

Ak: ?,ﬁ ,k:L...,S.
——
=Yy ::'y:

4 hen we cons, der the casey Ay for ag xed vllue of kK €have

sup < Hw)— H(w.)—] Hw)— ﬁ(w*)],w—w*>

wi||lw—w || <y

~ . )
< s < H(w)— H(w.,)—] Hw)— H(w*)],w—w*>. (

W[ w—w || <v;f

Based on the McD aw  ds nequal ty McD am d 9 9) and theqader acher cor plex.ty Bartett
(

and Mendel son! ?” ?I we have the &) ow, ng I ei! 7 ato upper bound the | ast ter

Lemma 7 Under Assumptions 7 and 8, with probability at least 1 — 0, we have

sup < H(w)— H(w.)—[ H(w)— ﬁ(w*)],w—w*>

wil[w—w. <o g

)
L (y")? /
Siy’;]—) <8+ 210g§>. {

ey Ap we have
Vi =2y, <2v. 9)
l hus w, th probaQ,I', ty atleast 1 — & we have

sup < H(w)— H(w,) —| ﬁ(w)— ﬁ(w*)],w—w*>

wi[w—w. || <y

8
by 94Ly? 1
<ALy <8+ \/210g> .
n 0
X
etor plete the proof by tau, ng the un,on bound over S seg# ents

Appendix G. Proof of Lemma 7
0 s# pl fy the notat ot we dey ne

hz(W) = ( W, X; ,yl'), i = 1,...,n,

I(hy, ... h) = sup < H(w) — H(w*)—:]Z[ hy(w) — hi(w*)],w—w*>.

wl|w—w || <

8
|, O upper bound I(hy, ..., h,) weutl ze the McD,ar  ds nequal, ty‘MCD', am @ 9°9)

22
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Theorem 8 Let Xy, ..., X, be independent random variables taking values in a set A, and assume
that H : A - R satisfies

sup }H(Xl,...,Xn) - H(X]_,...,Xifl,X;,XZLF]_,...,Xn)’ =C;

Ty, T EA

for every 1 < i < n. Then, for everyt > 0,

2
PLH (X1, Xo) = BIH(X1, .., )] =} < exp <_Z72Lt02>
i=1Cj

As ponted out ,n Remark 7 Assumptions 7 and 8 # ply the rando# funct,on hi(+) sL
s ooth and thus

| hi(w)— hj(w,),w—w, |<L w—w, 2SL(VZ)2.

As aresult when arando# functon h; changes the randos var,able I(hy,...,h,) can change by
no# ore than 2L (y,j)2 /n _osee th s we have

—~

hy,....h,) —=1I(hy,...,h;_1,hl hiq, ... hy)

< sup ( hi(w)— hi(w,)—[ hi(w)— hij(w,)],w—w,)=<

W[ ww || <)

S|
SN

McD, am  d-s nequal ty # pl es that w th probabl ty atleast 1 — o

|<h1,...,hn>SEuml,...,hn)HL(yg)?m_ X

Let (hf,...,N;,) be an ndependent copy of (hy,...,h,) and 1,..., pben  d=<adet a
cher var,ables w,th equal probabl ty of be ng *1 ‘s ng techn, ques of<ader acher cor plextes

Bard ett and Mendel sont ?.. 2F we boundvE [I(hy, .. .', h,,)] as folows-
(

Ep,,.., hn[ .‘ sup < H(w) — H(W*)—%Z[ h;(w) — hi(w*)],w—w*>]

[w—w || <y

1
=—Ep,.. . hn [ sup

n w:waW*HS'Y;zL
Enp,.h, [Z< hi(w) = hi(w.), w—w.)| — ni(w) = uCwa)ow = w, ]
i1 =1
1
SﬁEhl ..... hn k.. b, [ sup
w:waW*HS’Y;zL
Do hw) = hiw)ow=w) = >0 hi(w) = hi(w),w = w, ]
pa =1
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1
= Bh b b e een sup
n . <~t
wi[w—w. | <7y

n

>



O(1/n) AND O(1/n?) _YPE OF—‘ﬁ K Bo &% OF B M

v V_

Note that x* s 2a L, psch tz over [—a,a] and p;(w)+q;(w) [-2y;D B,2y;D B]  hen
from the cop par son theorew of-a‘adew acher cor plex, tes Ledoux and alagrand 99 I /N part,
cular Leaa a° of Me r and Zhang 2 % 1§ we have

(

n

sup i (Pi(w) + Gi(w))?

wil|w—w. || < =1

<4y, D\/BE

E

n

sup Y i (pi(w) + qi<w>>] )

wi[|w—w.||<v} =1
n
sup g i0i (W) .
wi[|[w—w. || <vi =1

<4y, D\/B (E

n

sup E iPi(w)
wi[|[w—w. || <v =1

+E

~# lady we have

vy v
1 E

n

sup Y i(pa(w) - qi(W))2]

wil|w—w. || <y =1

c
N

)

n n

(
S4y2‘D\/E (E sup Z Pi(w)| +E sup Z Zqz(w)]> .
wi[[w—w. || <y =1 wil|w—w.||<v =1
Cor bnng 52! 537 and ° § we arr ve at
(I
n
E sup Z i hi(w)— hj(w,),w—w, ]
w[[w—w. || <y =1
. . 55'
(
<2y, DVB [ E sup Y ipi(w) | +E sup Y iQi(X)]
Wil w—w. || <y i=1 wi[[w—w.||<y) =1
:2‘61 =Cy
eproceed to upper bound Clv,n‘5 ) Fro our dey nton of p;(w) we have
‘pi(w) - Pz‘(W/)‘ = ’v%| /( W, X ,Yi) — /( w,x; ,yZ‘)‘
S\/E’ W, X, — W,X; ’ = \/ﬁ| Xi, W— W, — X;j, W — W, }
Apply,ng the con par, son theorer ofeader acher cor pl ex tesagan we have
n

Ci = \/EE sup Z i X, w—w, | =Co. “v)

wi|w—w. [[<v; =1 (
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